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in which G represents the coefficient matrix of conduct;
and 1 is the column vector of currents O!

Here again, we could write the equations directlyins!
ns only resistances an

of node voltages,

the short cut method because the circuit contai

current SOUICes.
The MATLAB solution is:

»>> clear

»>> G = [0.35
>» % A semicolon at the end of a command suppress

5> % MATLAB response.
»>> I = [0; 103 01;
>> V= G\I
Vo=

45.4545

72.7273

27.2727
»>> % Finally, we calculate the current.
o Ix = (VQ1) - v(3))/20
Ix =

0.9091

Alternatively, you can use the sam
the answers.

Exercise 2.9 Repeat the analysis of the circuit
node and node voltages shown in Figure 2.22. 8.
Put the network equations into standard fo
will be different than those we found i
the same voltages in the two figures.) d. Find ix.
figures, so it should have the same value.)

Answer

vy —V3 Vi vy — V2

5 5T 0

v — Vi v2— V3

T +10+ 5

v3 = Vi V3 v3—V2

o T s

Figure 2.22 Circuit of Example 2.8
with a different choice for the
reference node. See Exercise 2.9-

V is the column vector
n the right-hand side.

~0.2 -0.05; -0.2 0.3 -0.1; -0.05 -0.1 0.351;

e commands with LabVIEW MathScript to obtain

of Example 2.8, using the
First write the network €
rm. ¢. Solve for vi,v2, and v3. (The values
n Example 2.8 because Vi,

(Of course, ix is

Section 2.4 Node-Voltage Analysis

o.umf - O.Hocm - 0.0M—G =
—0.10v; + 0.30v; — 0.20v3 =
—0.05v1 — 0.20v7 + 0.35v3

e vy =—2727;,v; = —72.73; v;
. ! 73, v3 = —45,
d. ir =0909A 4

Circuits with Voltage Sources
When a circuit contai i
nta
ins a single voltage source, we can often pick the refe
rence node

u"osonsao»%nmoﬁn
e, and t|
e d hen we have one less unknown node voltage for which
ic]

(REINTI[FRBN Node-Voltage >=m_wmmm

Write the equations for the network shown in igure 2.23 and put them into standard

Solution  Noti
ice that we have sele
cted the reference
node at the bottom
end of the

voltage source. Thu
> . Thus, the voltage at .
to assign a variable for that =owo node 3 is known to be 10V, and we do not need

Writi X
iting current equations at nodes 1 and 2, we obtai
5 n

vi—v2 v =10
5 + 3 =1
va  va—10 vy3—
=L 2 — Vi
5 ot 3 =0

Zoims
W I we group terms
equations, we have and place the constants on the right-hand sides of th

s of the

07v1 —02v, =6
-02v1 +05v; =1

b “H_EP we have

b obtained the equations
B i needed to solve fi
or v and v, in stand
ard
B
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Figure 2.27 Circuit for Exercise 2.13.

KCL for the syl

vp -V

KCL for node 3 %
KCL at the refer

For indepen

equations can be used to com]

pernode enclosin,

ence node:
vi V3

dence, the set must i
plete the three-

l

v3

g the 10-V source:

iV 2=y
Rs3

Ri Ry

-V vy —V A%
3 1 3 ~+\W.“O

i
+ R3 R4

R2

TR
nclude the KVL equation. Anytwo of the three KCL
equation set. (The three KCL equations
ependent set.) o

nd, therefore, do not form an ind

use all of the network nodes @

Circuits with Controlied Sources

Controlled sources presenta slight addi
lue of a contro

nofthe node-voltage tech-

tional complicatio
nique. Gnoow= that the va lled source depends on 2 current of voltage
the network.) In applying node-voltage analysis, first wé write equations
rces. Then, we express

elsewherein
exactly as we have done for networks with independent sou
bles and substitute in

the controlling yariable in terms of the node-voltage varial
We illustrate with two examples.

network equations.

Example 2:10 Node Voltage Analysis \ —~ith a Dependent Source
at set of equations for the node voltages shown in Figure 2.28.

Write an independe

2y

figure 2.28 Circuit containing 2
n::m:n.noszo__mn current source. See

Example 2.10.

to the.

Section 2.4 Node-Voltage Analysis

Solution  Fir: i
st, we write KCL i
controlled ; - KCL equations at each i .
source just as if it were an ordinary nEMM.w n.n“ including the current of the
ource:

vy —Vv2

m Ry = is + 2ix 2.39)
I v ’
g =V V2 V2—V3
RoTRTTE (2.40
<u|<~+<u ] 40)
R3 x|a+-.nﬂo 2an

Next, we find a
n expression for th X
voltages. Notice that i g r the controliin, i ..
tiy is " g variable {
can write , is the current flowing away from node 3 Mhﬂ:ﬂ% fihe node
gh R3. Thus, we

i = Vv3—v2
Finally, we use E i -
, We quation 2.42 to substi i i
Thus, we obtain the required equation maw:::n into Equations 239, 240, and 241

(2.42)

=

vy — V2 v
=i 3=V
R =is+2-p 2
3 (2.43)
<~I§+<|N+<Nl<u
Ry R, ||-|Ho
v 3 (2.44)
v v
% TR R O
3 (2.45)

Assumin;
g that the valu ;
set ofrequations i e of i; and the resist
s into standard for: ances are known
m and solve for v , we could put this
1, v2, and v3.
=

Ex: _u_m 2.11 e-V ge __N_< ) P!
Nod olta: A sis with m. Dependent Source
Write an independent set of equations 1or the node v g
D oltages shown in g
dent set of 1] for th d t mam—.— e2.29.

Solutlon Fi
lution First, we igno
write €quations just mm CHM wwn fact that Go voltage source is a depend
write a current equation at ould for a circuit with independent pendent source and
e e, either node 1 or node 2, becau: sources. We cannot
m. However, we can write a KVL onmo Mv.». the voltage source
uation:

i
—vy +05v,+v2 =0
(2.46)

229 Ctrevi

Py Ireuit Pk
econtroled voltage 1o
s ple 2.11.

g a
age source.
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Chapter 2 Resistive Circuits
Then, we use KCL to write current equations. For a supernode enclosing the
controlled voltage source,

v2— V3 .
+ =i
R

vy — V3

For node 3,
vy — V2 v3—V1 _ 0

R3 Ry

(2.47)

For the reference node,

40 vy
Ry Ra s
Of course, these current equations are dependent pecause we have used all four
nodes in writing them. We must use Equation 2.46 and two of the KCL equations
to form an independent set. However, Equation 2.46 contains the controlling vari-

able vy, which must be eliminated before we have equations in terms of the node

voltages.
Thus, our next step is to write an expression for the controlling variable vy in

terms of the node voltages. Notice that vi, Ve and v3 form 2 closed loop. Traveling
clockwise and summing voltages, W& have

(2.48)

|§l<x+<uno

Solving for vy, W€ obtain
Vy=V3— vi

Now if we substitute into Equation 2.46, we get

vy = 0.5(v3— vy) +v2 (2.49)

1 2.49 along with any two of the KCL equations forms an independent seb

Equatio
[ §

that can be sotved for the node voltages.
Using the principles we have discussed in this section, we can write node-voltags |
equations for any network consisting of sources and resistances. Thus, given a com
puter of calculator 10 helpin solving the equations, we can compute the currents and’
voltages for any network. :
Next, we summarize the St€pS in analyzing circuits by the node-voltage |
technique: 3
and assign yariables for the unknown node yoltages: i

1. Select a reference node
source, 08

the reference node is chosen at one end of an independent voltage

node voltage is known at the start, and fewer need to be computed.

2. Write network equations. First, use KCL to write current equations for \
and supernodes. Write as many current equations as you can without using 845
the nodes. Then if you do not have enough equations because of voltage O
connected between nodes, use KVL t0 write additional equations.

3, If the circuit contains dependent sources, find expressions for the 8::%:.
variables in terms of the node voltages. Substitute into the network equati®®
and obtain equations having only the node voltages as unknowns. :

4. Put the equations into standard form and solve for the node voltages:

Hereis a convenient
step-by-step guide to
node-voltage analysis.

Section 2.4 Node-Voltage Analysis

1A +
3v{T R=100Q%
p:

Figure 2.30 Circuits for Exercise 2.14.

5. Use the val
ues found for th
voltages of interest. e node voltages to calculate any other cuj
rrents or

Exercise 2,14 Us

h e the node- .

the circuits shown in Figure 2 wm:»mo technique to solve for the currents labeled
s abeled in

Answer a.i, =133 A;b.ip = —-0259 A o
: . .
Exercise 2. se the node-vo € € \{ values of iy and iy in
.N ._m Use the nod _ﬂwm noo?aﬂc to solve for the val i y
Answer iy =05A, ~v. =231A "
a

Using the MATLA i
B Symbolic Toolbox to Obtain Symbolic Sol
olutions

If the Symboli
ic Toolbox is i :
salve node volta, s included with your versi
e i rsion of MA
ge and other equations symbolically. Agc/mm%@o: rom: use it to
: athScript does

not have symboli
244, ic mathematics capabiliti .
and 2.45 from Example 2.10 M: mw_w_oawwﬁo illustrate by solving Equations 2.43

>> clear

For help with a command
wﬂn: as “solve” simply type

elp solve” at the command
prompt.

>> X First
we clear th
>> X the sol e workspace, thi
ve comm: » then we ent :
vv!nomo._sw and followed by the <m].nw._“ M:m mncwﬁo:m into
. or which we wan
14

> VL, v2, v3] =
1 = solve("(V1 - V2)/RL = Is + 2%(V3 - V2)/I
N R3', ..

(V2 - VI)/R1 + V2/R2 + (V2 - V3)/R3 = 0’ .

"3 - v2)/R3
B + V3
V1T, v2r, vty /R4 + 2%(V3 - V2)/R3 = 0',.

e 2.31 Gyi
Clrcuits for Exercise 215
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80 Chapter 2 Resistive Circuits

When several mesh currents
flow through one element, we
consider the current in that
element to be the algebraic
sum of the mesh currents.

We usually choose the current
variables to flow clockwise
around the periphery of each

of the open areas
diagram.

of the circuit

Applying KCL to the node at the top end of R3, we have Section 2
.5 Mesh-Current Analysis 81
= iz + i3 ANMNV R Ry
1 AAA
><><>< Yyy
Next, we solve Equation 2572 for i3 and substitute into Equations 250 and 2.51. This L ]
yields the following two equations: i3 o Va i xnum
AAA 9
. . B Yyy
Ryiy + R3(iy —R)=VaA (2.53) Ry I®J >w>> L
. . . YYY i, «
~Rs(iy —i) ¥ Raip = —VB (2.54) o+ . < “ h
i ”g i umx. < B iy
. . . 2 L
Thus, we have used the KCL. equation to reduce the KVL equations to two equations 5 5S> g mn
in two unknowns. A is Ry
Now, consider the mesh currents i1 and i; shown in Figure 2.32(b). As indicated p 6 ar
in the figure, mesh currents are considered to flow around closed paths. Hence, mesh 2 ﬁ<
currents automatically satisfy KCL. When several mesh currents flow through one Figure 2.33 Two circui
element, we consider the current in that element to be the algebraic sum of the mesh .33 Two circuits and their mesh-current vari (b)
currents. Thus, assuminga reference direction pointing downward, the currentin R3 is ariables.
(iy —ip). Thus, V3 = Ra(i1—i2)- Now if we follow i around its loop and apply KVL,we
get Equation 2.53 directly. Similarly, following i5, we obtain Equation 2.54 directly. g: Current Analysis
Because mesh currents automatically satisfy KCL,some io_..x is mwﬁa. in writing Write the e : urrent Analysis ——
and solving the network equations. The circuit of Figure 232 is fairly simple, and : quations needed to solve for th .
the advantage of mesh currents is not great. However, for more complex networks, & mo_..;_oz Using a pattern in solvi e mesh currents in Figure 2.33(a)
the advantage can be quite significant. - avoid errors. Part of the patt ving networks by the mesh-c e
. clockwise. pattern that we use is to select th urrent method helps to
5 e mesh currents t
o flow

. Then, we write a N
Man@ma. As usual, we add M“Mx:npﬁ:g for each mesh, goin,
veling around the mesh age if its positive reference i g around the meshes
encountered first. Qur m:, and we subtract the voltage if % is encountered first in
pattern is always to take the ?,M 0“5" onm MMw:m:ﬁ reference is
ch resistor encoun-

tered as the positi
ositi .
 voltages, positive reference for its voltage.

Choosing the Mesh Currents

For a planar circuit, we can choose the current variables 0 flow through the elements
around the periphery of each of the open areas of the circuit diagram. For consistencs
we usually define the mesh currents t0 flow clockwise.

If a network i

) contains onl;
ﬁmm_a”m:nmm and _.:anmsnxmsﬁ
N _wmnwmm sources, we can write
e thei equired equatio

o . ¢ ns by
always adding the rosistor following each current mwME:n

Two networks and suitable choices for the mesh currentsare shown in Figure 233 For example, in mesh ite
When a network is drawn with no crossing elements. it resembles a window, with each mn nmw The voltage mnnMMm xH of Figure 2.33(a), we first e mesh and appiying KVL.
] . SO ) ncounter th, ’
openarea correspondingtoa paneof glass. Sometimesitis said that the mesh currents - Similarly, we enc > referenced positive on i T the left-hand
§ Positive a ounter the to on its left-hand end is Ry (s lmwvn_

P t the to . p end of Rj first, and th
Tesistor i p end is Ry(i; — i rst, and the voltage ac
% sl_.ﬂnm_ the KVL an:»:o%oohwﬂmw EH_:m this pattern, ma mMMmM wu referenced
; er consideration min ing of the resi : erm for each
ion mi. istance times the C
current in the

Pattern fo nus the . !
rmesh 1 of Figure 2.33(a) @MHM“ “n the adjacent mesh (if any). Using thi
’ . g this

are defined by “soaping the window panes.”
Keep in mind that, if two mesh currents fiow through 2 circuit element, we
consider the current in that element to be the algebraic sum of the mesh currents -
For example, in Figure 2.33(a), the current in R2 referenced to the left is i3 =1
Furthermore, the current referenced upward in Ryisiz — i1+
§ Ro(iy — i .

Exercise 2.17 Consider the circuit shown in Figure 2.33(b). In terms of the au__ 20 —B) + Ry — i) —va =0
currents, find the current in 2. R2 referenced upward; b. R4 referenced t0 the ni._p_. 1
¢ Rs referenced downward; d. Rg referenced upward. ’
Answer a4 — i b iz — G iy —igydoia — is. [Notice that the answer for
is the negative of the answer for part ©).)

Simij
larly, for mesh 2, we obtain

pactld .
R3(2 — i)+ Raia +vp =0
or
mesh 3, we have

Writing Equations to Solve for Mesh Currents

1f a network contains only resistances and independent voltage sources, W€ .nE._—M ol Ra(is — it) + Ryiz — v
the required equations by following each current around its mesh and %E«Ew%.. | HOtice thy B=0
0 0 wijing

(We donot need to apply KCL because the mesh currents flow out of each 2%
they flow into.)

t we hay,
e taken the positi
& e equati positive referen
Cause ion for m ce for the vol
the terms for Rsin ww: 1 and at the bottom for EWW% across Ry at the
e two equations are ovnomxam m.. This is not an
in sign.
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Secti
ion 2.5 Mesh-Current Analysis 83

Io standard form, the equations become:
, . . 120
(Ry + Ra)iy — Ra2 = Raiz = VA A
Yy
— Raiy +(Ra+ Ry)ip = —VB
1
— Ryit + (R1+ Rz =VB 200 O
Wy vy
In matrix form, W& have YYv
. ov(* .
(Ry+ R ~R3 -Ry i1 VA = h mm 100 i ¥
—R3 (R3 + Ra) 0 i |=| —VB 2 _)av
—~R2 0 (Ry + R2) i3 VB )
. ) Figure 2.34 Circuit of Exampl .
Often, we use R to represent the coefficient matrix,1to represent the column vector ple 2.13.
| of mesh currents, and V to represent the column vector of the terms on the right- For meshes 2 and 3, we h
hand sides of the equations in standard form. Then, the mesh-current equations aré » We have:
nn?.nmmsﬁn as: 100, — i
RI=V oa.N —i)+ 1202 -i3) +42=0
| We refer to the element of the ith row and jth column of R as rij- B T 20(i3 — it) + 14i3 + 12(53 ~ i) = 0 (2.57)
‘Putting the equations into standard form, we h: (2.58)
, we have:
Exercise 2.18 Write the equations for the mesh currents in Figure 2.32(b) and put £ 300, — 10i .
i i : iz — 20i3 =70
them into matrix form. 3 10 )
Answer  Following each mesh current in tur, we obtain ! iy + 22ip — 12i3 = —42 (2.59)
. # ~ 200y ~ 12i ; (2.60)
Ryiy + Ratis — i)+ Ratir = i -va=0 ; In matrix form, the equati P =0 (2.61)
. L . 3 ion: . .
Rsip + Rala =i ¥ Relia — 1) =0 s become:
Ryis + Retiz —i) + Rty — i) =0 WM nwo 20 4 o
. . . . . - 2 — i
6 Raig + Ralia — iy) + Ralia — i) =0 s 20 —-12 MM b | =] —42
_ These ; e 0
| . ; equations can b .
i (Ry + lxmb+ Ry Ko MN+ 2o loxm %N ..w <% 5 Z>.{u.=,qm)e<w. _,m:._a S ome Mo“mw“womw__”— _um <uvao¢. of ways. We will dem
- 3 2= B athScri e obtained : onstrate usi
WN Ma (Rg+ me. Rg) (Ry + MM w+ Re) M M ] .o",..o_“_ are _.nmmmﬁnzow—,m_vmm.w:,.\”\n wumo R for the conBomWw::“M w.Ew% same noEBE.amm_m—m
- - the equatio ilarly, we use V f rix, because th ;
i AL ns or the ¢ e coeffic
and results age: and I for the column vector oﬂ_MM.M_MoMS_. for the _.mm:?rﬁa_ M.n_w
3> Rix [30 1 sh currents. The co
3 -10 -20; mmands
solving Mesh Equations K. e .mm“"x-zwum ) -10 22 -12; -20 -12 46];
, > Tr .
methods X -1 4p zﬁ_.who avoid using i, which represents th
s the square root of

.,..oSa
1.0000

After we write the mesh-current equations, we can solve them by using the
that we discussed in Section 2.4 for the node-voltage approach. We illustrate WiE g

#

simple example.
s o
|||||||||.||||I|||||Illl|||.| us, the v,
E : 8 the valy
Mesh-Current Analysis fine alues of the
<5 o minFigure 234 10 .W.%Wa current in “W”_Mcﬂnam arei; = 4A,ip = 1A, and
34. oty m J2=1A,and i3 =
e circuit shown in Figure esistance is i, — , — uM:. For example, the nEE_:Momml w? Next, we
oo ng downward in

Solve for the current in each element of
solution  First, we select the mesh currents. Foll
define the mesh currents to flow clockwise around €
write a KVL equation around mesh 1:
e i Fi currents
to wo_,._mﬂw ©235. Check y. so wn”,_uw mowao current flowing through the 1
i circuit. er by combini . e 10-Q
Check a second time by :&:.MM Mmm_msu_nam in series and
- e voltages.

rd Esaaw
-}

rouit. THEMS

owing our standa
relse 9 -
N.,_.w. Use mesp,

ach mesh of the ci

20 — i3 + 10y — i2) — 70=0




